Video Record and Analyze Lunar Waves 
Introduction 


Since 2012, there have been dozens of lunar wave videos posted on-line by amateur astronomers. A 
two-observer system to get video recordings for scientific analysis of the phenomenon is described in 
Part 1 below. A method to analyze the video recordings is presented in Part 2. 


As a pattern, when amateur astronomers are actively video recording the Moon, a double wave 
phenomenon has been observed on multiple occasions. The pair of waves appear to race from one lunar 
polar region to the other polar region. The time between waves is 0.7 to 40 seconds, and the transit 
times across the lunar surface vary from 2.1 to about 160 seconds. 


HNologram/Wave begins 


Fig. 1 A frame from a lunar wave video with arrows indicating where the wave crosses the lunar disc. 
The lunar rim appears to shift upwards, in the wave travel direction. (video credit: CRROW 777, 
https://youtu.be/_3axPn65MGM)?si=cd1HxgAep9woWlxk, video time code 0:23) 


In most cases, the pairs of waves are very straight as seen from Earth and the pair travels at nearly the 
same speed and angle across the lunar disc, Fig. 1. The direction of travel varies with each occasion, 
but is typically in a north-south direction. Travel speed appears constant across the disc (no slowing 
down or speeding up at the poles or equator). 


As an important observation, the background image of craters or celestial objects shifts slightly in the 
direction of wave travel as each wave passes by. This ripple effect is explained in Part 2 below. 


The phenomenon does not appear to be luminous as compared with the Moon, with the video 
technology commonly employed to record such events. It means the waves are currently only detected 
when seen against a well-lit background, such as provided by the Moon or a bright planet such as 
Jupiter or Saturn. 


At present, the origin of the waves is not entirely clear. Thus, a practical experiment to verify the 
orientation, speed and altitude of the waves has been developed in Part 1 below. The data so obtained 
will narrow down the range of possible causes. Video recordings and the related basic data should be 
posted online, even if the scientific analysis of Part 2 is not done by the observer. 


For those who may be comfortable with high school geometry and mathematics, Part 2 details the 
method and formulas to get the travel direction, speed and altitude of the lunar waves. 


PART 1 — Video Recording the Lunar Waves 


Two-Observer System 


So far, only individual observers have reported isolated wave events. However, if two or more 
observers record a single event, important data can be obtained. 


The necessary equipment for the two-observer system will be: 

* two telescopes with video cameras (or cameras with telephoto lenses), tripod mounted 

* tracking mechanisms for each telescope/camera to follow Moon movement across the sky 

¢ a third camera with wide-angle lens, mounted on telescope A or B 

* sufficient battery life (or electrical power) and video memory for each camera to record 
continuously for multiple hours 

* ameasuring tape to produce an accurate map of the location of observation, including compass 
reference points for due south and landmarks such as buildings, etc. 

* acomputer to edit and process the video recordings 

¢ Internet access to obtain independent astronomical data for detailed analysis and to post results. 


Since only a few hobbyists will have all of these, it is suggested that cooperation with another 
enthusiast or a local astronomy club will enable one or more systems to be set up. 


Figures 2 to 5 show a two-observer system with 3 cameras that can determine the ground speed, 
direction and altitude of the lunar waves. Fig. 2 is a plan view of the waves passing at an angle O wave 
past two observers A and B, located a known distance apart d. They simultaneously video record the 
Moon, which is much further away than distance d. For practical purposes, d should be at least 10 m 
(33 ft), since the lowest waves will be at aircraft altitudes and some may possibly be much higher up. 


While the two-observer system will work for about 90% of cases, it fails if the waves cross A and B at 
nearly the same time. To overcome this weakness, a 3-observer system with an additional station C in 
an “L” shaped configuration with A and B will provide a non-zero time between wave sightings for at 
least two of the stations. 
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Fig. 2 Plan view of two observers at A and B with Fig. 3 Elevation view showing fields-of-view of 
wavefront angle Oyave, observer station angle 84,‘ two observers at A and B with wave altitude h. 
and Moon compass direction moon. The Moon azimuthal angle is @ and the field-of- 
view angle a is about 0.47°. 
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Fig. 4 The field-of-view comparing the telescope _ Fig. 5 The final map orientation of the elliptical 
image (circle and dotted wavefront) with the shape and true wavefront orientation as seen 
elliptical shape and true wavefront orientation looking down through the wave layer. 
Owave, looking up through the wave layer. 


Fig. 3 shows the altitude / of the waves and the parallel fields-of-view of observers A and B as they 
look up at the distant Moon through the wave layer. 


Fig. 4 shows a cross-section of the field-of-view of a single observer cutting through the atmospheric 
layer in which the waves travel. The circle is what is seen looking up through the telescope, but in the 
plane of the wave layer, the field-of-view appears as an ellipse. 


Fig. 5 shows the final position of the elliptical field-of-view, allowing the map orientation Oyave to be 
known (looking down from above the wave layer). 


The two telescopes (or cameras with telephoto lenses) will closely track the Moon over periods of 
several hours per night in the hope of capturing a wave event. The video camera clocks must be 
synchronized for accurate time measurements, as detailed below. 


A third wide-angle camera simultaneously video records the general vicinity of the Moon. It may be 
located at A or B and will allow verification of the direction and timing of any aircraft appearing to 
pass near the Moon and possibly exciting a wave event. Since this camera will operate at nighttime, a 
time-lapse function will increase sensitivity so distant aircraft navigation lights can be detected easily. 


Basic Methodology 


Before setting up and using the two-observer system, it is worth mentioning a proven strategy to video 
record the Moon. 


The camera frame should typically be filled with about about half of the face of the Moon and 
preferably at least some of the lunar rim. Often, the clearest indication of a wave is a disturbance seen 
moving along the rim, Fig. 1. If shooting in HD video, a digital zoom of 2x or 3x can be applied later to 
see details more clearly. 


Some camera panning motion is also suggested as this proves the angled waves move at an independent 
speed and in an independent direction from the camera, thus are not artifacts of the recording system. 


Synchronizing the Cameras 


Since accurate timing is at the heart of the two-observer system, the 3 cameras may be synchronized in 
one of several ways. 


1. Visual Signal: with the 3 cameras running and pointed at a common target, briefly flash a light 
over the target. The start of the 3 videos can be trimmed in a video editor later on to begin at the 
time where the flash occurs, so that their time codes are the same within +/- one frame (1/60 
second for HD video). 


2. Audio Signal: if the video editor has an audio track that can be adjusted to show individual 
video frames, a short, sharp sound signal can be used for synchronization. The sound source 
could be a hammer-blow on wood or the triggering of a mousetrap or rat trap. It should be 
equidistant from the cameras so the delay in travel of the sound is equal for each microphone. 


3. Live Stream: the 3 cameras may be connected via internet streaming and recorded in near-real- 
time by a single computer server. If the connection speed is fast enough, this method would 


provide sufficiently accurate synchronization for most wave events. 


With items 1) and 2), different camera clocks may run at slightly different speeds, thus it is a good idea 
to perform synchronization every hour or so to make sure the time codes still agree closely. 


PART 2 — Analyzing the Lunar Wave Videos 
Refractive Index Model for Image Shift 
The main assumption is that the pairs of waves are located at some altitude within Earth's atmosphere. 
From the presumed location, it follows that the moving wavefronts are made of gases with two slightly 
different densities. Their different indices of refraction act as lenses, causing a ripple effect to move 
over the image of well-lit background objects such as lunar craters. 
Almost all known results have been from observers in the northern hemisphere. Since the Moon and 


other solar system bodies are located essentially in a plane, those observers will be looking southward 
with either an eastward (moonrise) or westward (moonset) component. 
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Fig. 6 A refractive index model to explain the observed ripple effect where a 
background object appears to shift in the north-to-south direction of wave travel. 


In greater detail, Fig. 6 shows light rays coming from a background celestial object and passing through 
the atmosphere. A single wavefront between gases of two differing densities is shown moving north to 
south, which is in an opposing direction to the incoming light rays from the southern sky. Due to a 
difference in the refractive index of the two regions, a shift in the position of the background image is 
observed as the wave passes by. 


To account for the double shift of the image, there must be at least three distinct regions within a layer 
of the atmosphere (or in closely spaced layers) separated by two wavefronts passing by the observer. 
Each of the moving wavefronts would have a difference in gas density, causing two different indices of 
refraction to operate. 


12-Step Analysis 


The task of measuring wave orientation, speed and altitude accurately requires a thorough 
understanding of the 3-dimensional situation. The procedures below assume a northern hemisphere 
location. Similar procedures apply for an observer in the southern hemisphere, who will see the Moon 
rotated 180 degrees compared with the northern observer. 


To avoid complex mathematical formulas, a graphical approach is recommended to determine critical 
angles where possible. This should provide an overall accuracy of better than +3.6° (+1% of a full 
circle). 


A list of 12 items is followed to obtain the desired data from the video recordings of Part 1: 


a) Create an accurate map showing positions A and B, Fig. 2, with compass direction 943 and 
distance d. A satellite image with added ground-based measurements may help define the area. 

b) Obtain the angle-of-view a and Moon position angle 0,,;, along with a reference image, for the 
hour of observation from an astronomical data source (eg., Goddard Space Flight Center, 
https://svs.gsfc.nasa.gov/5187). 

c) Determine the Moon heading @moon and altitude @ at the exact time of observation from an 
astronomical data source (eg., https://www.timeanddate.com/moon/), Fig. 7. 

d) Obtain still frames of the waves from the video recordings and enhance as needed. 

e) Determine the raw wave angle 9,yiae. from the still frames and overlay a line for clarity, Fig. 9. 

jf) Superimpose the scaled and rotated video still frames of item e) onto the reference Moon image 
for the hour of observation so the alignment of the images is as exact as possible, Fig. 10. 

g) Determine the exact times of observation ¢, and fg from the video time codes to the nearest 
frame (1/60 second for HD video). Using geometry as needed, obtain the initiation time at A for 
each wave fai; and ¢a2; and the termination times fa; and tax. The initiation and termination times 
at B are fgii, fp2i, fair aNd fp2, respectively. 

h) Determine the video frame rotation angle 0 yiame from item /). 

i) Determine the rotation angle of the Moon 0, relative to the horizon, thus the telescope 
wavefront angle Owe. 

j) Calculate the true wavefront angle 9,,.,. using the circle-to-ellipse conversion formula. 

k) Calculate the travel direction Owavetraver and ground speed vap of the waves. 

!) Calculate the altitude h of the waves. 


Detailed Procedures 


In the list of procedures above, the items 5) to /) require a more detailed explanation. There are as many 


as 3 angles required to get the correct tilt of the Moon relative to the horizon at the time of observation, 
thus the correct telescope wavefront angle Oy:e. There is then a conversion to find the true wavefront 
angle Oyave in Figs 2 and 5. The compass direction of travel Oyavetraver IS Orthogonal to Oyave and is in the 
range from zero to 360 degrees. 


For item 5), the Moon undergoes a monthly series of wobbling and tilting motions known as libration, 
during which it also appears to change size. The position angle 8,,,; and apparent Moon size a for each 
hour of each year is published on-line, along with a reference image to show the lighting of craters and 
other features. There are two versions, one for observers in the northern hemisphere and one for 
observers in the southern hemisphere. 


With this tool, it is necessary to know the time of observation in Universal Time (UT). Converting the 
local time to UT may be done with an on-line calculator (eg., https://dateful.com/convert/utc). 


For item c), a tilt angle 0,. due to Earth's rotation at the time of observation must be determined. This 
rotation constantly changes the observer's orientation relative to the Moon minute by minute, and so 
knowing the exact time of the observation becomes important. 


To calculate 0,.., it is necessary to know the Moon position relative to due south (for an observer in the 
northern hemisphere). Due south is the location where 0,.: = 0, so the moon appears in the sky with no 
difference in tilt from the published reference image of item b). 


The time when the Moon is at due south foun for a given date and location may be found from an 
astronomical data source (eg., https://www.timeanddate.com/moon/), Fig. 7. 
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Fig. 7 An on-line finder for Moon altitude @ and heading Oyoon at a given time and location. The due 
south time shown here is foun = 2:44am locally (heading O@moon = 180°S, altitude @ = 17°). 


The Earth rotates at the rate of 1 degree every 4 minutes, so the Moon appears to move at a very similar 
rate from the east (moonrise) to the west (moonset). Taking the difference between the time of 
observation and foun (in minutes) gives the angle 0,.. in degrees: 


Brot = (tai = tsouth)/4. 13 


where negative values correspond to a counter-clockwise tilt and positive values correspond to a 
clockwise tilt, Fig. 8. This is one of as many as 3 angles required to obtain Oye. 


E Ss w 


Fig. 8 An observer sees the tilt of the Moon change with time as the Earth rotates. 


For item d), a computer screen capture of a single frame from the paused digital video recording is 
used. The choice of frame will require the wave to be seen distorting the background features at two or 
more points. These points should be as far apart as possible in the frame to get an accurate angle 
relative to the screen. Enhancing the frame with image filters, such as edge detection, may assist in 
making the wave clearer. 


For item e), using a graphical editor, import the still frame and overlay a line passing through the two 
(or more) points identified in item d) to highlight the full wavefront, Fig. 9. The graphical software can 
calculate the angle of the line, 9 vice. Export this image, or create a new screen capture, with appropriate 
labeling. 


Fig. 9 A video still frame with the wavefront highlighted by a superimposed line. 
(video credit: James Hannon, https:/Awww.youtube.com/watch?v=T_2sOBISBHc, 
video time code 3:12) 


For item /), it will be necessary to use graphics software to superimpose the video still frame of item e) 
onto the reference image of the Moon for the time of observation. This will typically involve adjusting 
the size of the still frame, possibly flipping the image horizontally and/or vertically, and rotating the 
image to obtain the closest match possible. Every telescope and camera configuration will be different 
and some may involve a mirror or prism or other arrangement that inverts the recorded image, which 
must be corrected for a proper match. An example of the final result is in Fig. 10. 


For item g), if neither A or B have the full lunar disc in view at any one time, it will be necessary to 
superimpose a series of lines onto the reference image of the Moon, Fig. 10, indicating the centre of the 
disc, the video frame outline and the wave travel direction. The exact geometry applied will vary for 
each case, due to unique camera/telescope orientations and fields-of-view. 


The procedure recreates where and when each of the two waves appears (initiates) and disappears 
(terminates) at opposite places on the lunar rim. This ensures that the angle-of-view a is matched to 
that of the Moon at the time of observation, since the video frame will often have a smaller view field. 


The transit time as seen by a single observer may be calculated as tyoon = tan - tari. Slightly different 
speeds and sometimes directions have been observed for the two waves, which may be findings of 
scientific interest. 


For the example in Fig. 10, the video frame covers [1 — sin(18.86°)]/2 = 0.338 or 33.8% of the lunar 
diameter. Wave #1 transits the frame in 2.08 seconds (S0+1 frames at 24 frames per second). Dividing 
by 0.338, the wave transits 100% of the lunar diameter in 6.15 seconds. 
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16 Jun 2013 01:00 UT 
43.1% 
Diameter 1834.1 arcseconds 
Distance 390778 km (30.67 Earths) 
Position 11h 04m 25s, 01° 66' 57°N 
Subsolar 0.962°S 960.621°E 
Sub-Earth 5.779°N 7.249°W 
Pos. Angle 23.587° 


Fig. 10 Example of a video still frame matched to the Moon reference image from Goddard. The thin 
black line highlights the wave. The red line indicates travel direction from the rim edge seen in the 
video to the opposite edge of the lunar surface. The video frame only included 33.8% of the Moon 

diameter along the red line, so t41, was estimated by geometric means. 


For item /), the rotation of the video still frame Oyf-ane in item f) can be obtained from the graphics 
software. For this item, note that the reference image of the Moon is kept exactly the same as supplied 
(by Goddard), since it already takes the position angle 0,,; into account. 


For item i), the total tilt angle of the wavefront ®\i21, relative to the horizon as seen through the 
telescope, from items c), e) and h), becomes: 


Ovwvtel = Brot + Byideo + Ovanms 


As suggested in the previous section, this equation may be satisfied using graphical software to apply 
and display all of the correct rotations to the images, without resorting to the complex mathematical 
formulas that inform astronomical data sources such as Goddard. 


For item j/), To determine the true wavefront angle Oyave, there is a formula to convert the circle of Fig. 
4 to an ellipse, so the true orientation can be known. By definition, an ellipse is the curve that follows 
the formula: 

1=X+/Y 


where the x-y graph coordinates are scaled to X = x/a and Y = y/b and the ellipse semi-axial lengths are 
a and b, Fig. 4. For the current purposes, the semi-axis a = a/2sing and b = a/2, hence b/a = sing. 


To convert the telescope wavefront angle Oye, the trigonometric relation tan0 = y/x is used. When 
stretching the circle into an ellipse, Fig. 11, the x-axis is extended by a factor a/b, while not changing 
the y-axis. The conversion becomes: 


Owave = atan[(b/a)(y/x)] = atan[sing tanO ve] 


Note that this formula will give an angle in the range -90° <OQyave < 90° with most calculators or 
computers. The compass direction of the wave travel will be at a 90° angle to this, in the range 0° < 
Owavetraver < 360°. The correct travel direction may be determined from knowledge of the Moon heading 
OMoon (item c) and from the wave motion in one of the video recordings. 


Fig. 11 Conversion of a circle of radius 6 into an ellipse by stretching with ratio a/b. 


For item k), due to the effective separation dsin(®wave - 943) between observers, Fig. 2, there will be a 
time difference tz as the wave pair passes each station. Since the video cameras will have closely 
synchronized clocks, ta; may be found by subtracting the time of wave appearance at A from the time 
of appearance at B, thus fag = fpii - tai. (This two-observer timing should not be confused with the 
single observer timing fyoon in item g). The ground speed va, of the waves is simply: 


Vap = Asin(Owave - 948)/tap 


For item J), with the known wave speed, the altitude can now be calculated. Each observer will see the 
waves travel across the known angle-of-view of the Moon @ in a time fMoon, calculated from item g). 
Since the Moon is at an angle @ above the horizon, the actual wave speed across the elliptical field-of- 
view will be over the stretched angle-of-view Ostreich, Fig. A. 1: 


= eo) eee A 2 1/2 
Astretch = [SIN Owave/SIN“@ + COS“ Owave | 


A derivation of the formula for stretch aS a function of @ and Qyaye is in Appendix A at the end of this 
article. 


The speed component seen by the telescope is VapO/Ostretch and, over the time of transit fyoon, the 
wavefront will appear to move a distance of b = (VagO/Osiretch)fMoon- From trigonometry, Fig. 12, the 
relation of the lengths 5 and L to ao 1s tan(o/2) = b/L. 
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Fig. 12 Triangular relation of 6 and L to angle a/2 within the field-of-view of A (not to scale). 


Rearranging for L, the distance between an observer and the waves is: 


L= (VapO/Ostretch tvtoon)/tan(a/2) 
~ 240 Vapo/ Ostretch toon 
~~ 240 dsin(Owave = Oan)(SiN7O wave/Sin’@ gg COS Oyave) tvtoon/taB 


where a typical value of a ~ 0.47° was assumed. From Fig. 3, the altitude of the waves is h = Lsing, or 
in terms of the 6 variables: 


h=d sin(Owave - 9an)(SiNOyavet COSA waveSiN’@)"” tyoon/[tan(a/2) tas] 
where Oave 18 from item /). 
Two Scenarios 


In a hypothetical case based on a lower atmospheric altitude, where d = 0.01 km (33 feet), Ovave-Oan = 
90°, a = 0.47°, @ = 45°, Owave = 45°, toon = 10 seconds and tay = 3.6 seconds, the wave speed would be 
about 2.8 m/s (9.2 ft/s) and the altitude about 5.87 km (19,600 feet). 


In another hypothetical case based on an upper atmospheric altitude, where d = 0.1 km (330 feet), 
Owave-Qan = 90°, & = 0.47°, Owave = 45°, @ = 45°, tooon = 10 seconds and faz = 3.6 seconds, the wave speed 
would be about 28 m/s (92 ft/s) and the altitude about 58.7 km (196,000 feet). 


Further Analysis 


The data from the lunar wave videos (even single-observer videos) can be compared with local weather 
records of wind direction and speed. The two waves may have been generated by an aircraft some 
minutes earlier and travelled with the wind towards the observers. The cause may be verified by 
reviewing the recording of the third camera, which has a wide field-of-view and which may have 
detected the aircraft. 


If the calculated altitude is comparable with that of a commercial aircraft, and the wide angle camera 
verified the time and location of a suitable craft, the cause of the double waves would be ascertained 
for that sighting. 


If no such aircraft was detected and the waves were at a much higher altitude than commercial jets 
(nominally 10,700 m or 35,000 ft), or were travelling across or against the wind direction, the cause 
would possibly be plasma-related and occurring in the ionosphere. 


If two observers on opposite sides of Earth (one at moonrise, the other at moonset) see the waves with 
no discernible time difference, the event may actually be on the Moon. 
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APPENDIX A - Stretched Angle-of-View 


A formula is derived for the stretched angle-of-view Ostretch Of item /) in the main text. It involves 
solving two sets of two simultaneous equations, including one equation obtained from differential 
calculus. 


Since the Moon is at an angle @ above the horizon, the actual distance of wave travel across the 
elliptical field-of-view will be over twice the stretched semi-axial length Dgtretch, Fig. A.1. 


Three points are highlighted in red. The initial point of wave contact with the ellipse is at (x1, yi) and 
the terminating point of contact is on the opposite side of the ellipse. An intersection of the wavefront 
with the travel vector passing through the centre of the circle is at (x2, v2). The wavefront is indicated as 
a grey line at three positions during its transit of the field-of-view and is oriented at a fixed angle Oyave 
relative to the x-y reference frame. 


Fig. A.1 Geometry for determining the travel distance 2bstretcn of the wavefront across the ellipse. The 
circle has radius b. 


Determining the Point of Contact (x1, 1) 


An ellipse is defined by the formula 1 = X?+ Y°, where X = x/a and Y = y/b and the ellipse semi-axial 
lengths area and b, Fig. 4 in the main text. In Fig A.1, the graphical curve of the ellipse in the 
neighbourhood of (x:, y:) is given by: 


y = b[1 —(@/ay}” [A.1] 


and thus, for the point of initial contact, y; = b[1 — (x:/a)’]'*. Also, the wavefront passing through (x, 
yi) is defined by the line: 


y =i ah (x —X1) tanO wave [A.2] 
The local slope of the ellipse is the derivative from differential calculus: 
dy/dx = -(b/2)(2x/a’)/[1 = (x/ay"]'” [A.3] 


and this is equated to the slope of the wavefront tan®,a,. at (x1, yi). Rearranging and solving for the x- 
position: 

tanOwavel 1 — (x)/a)?]"" = -(b/a)(x,/a) 

tan’ yavel 1 — (x:/a)"] = (b/a)(x1/ay 

(x,/a)?? [(b/ay + tan?Oyave] = tan? Owave 
we obtain: 

X; =—a tanByave/(sin’@ + tan? vave)!” [A.4] 


where b/a = sing was used and x; < 0 for 0° < Oyave < 90°. Eqn [A.4] may be substituted into Eqn [A.1] 
to get y; and thus (x1, yi): 


yi = Df — tanOyave/(sin’@ + tan?Owave)] 
= b[(sin’@ + tanOyave — ta’ Owave)/(sin’@ + tan’Owave)]"” 
= b sing/(sin’@ + tanO wave)” [A.5] 


Determining the Point of Intersection (2, y2) 


The travel vector in Fig. A.1 passes through the origin of the x-y coordinates and is shown as a line that 
is orthogonal to the wavefront, with the equation: 


y =—x/tanOwave [A.6] 


This line intersects Eqn [A.2] at the point (x2, v2), which can be determined by simultaneously solving 
Egns [A.2] and [A.6]. From this, the x-position is: 


y2 = —x,/tanO wave = yi ar (x2 _ x1) tanO wave 
X2 (tanOwave + 1/tanOwave) =—Vi + xi tanOwave 


X2 = (x:tanO wave — VitanOwave)/(tan’Owave + 1) 
= (x;tan’O wave =a ytanO yave)COS*Owave 
= X1SiMOwave — ViSINOwaveCOSO wave [A.7] 


From Egn [A.6], the y-position is: 
y2 a —x,/tanO wave [A.8] 


Determining the Stretched Angle-of-View 
Using the Pythagorean theorem and Eqn [A.8] to calculate the length Dstretcn, Fig. A.1: 


_72 2971/2 
Dstreten = [22° + yo2"]"” 


= |xo|[1 + 1/tan? Oyave]” 
= |x2/SINO wave 


where Dgtreich > O for all x. values. Substituting x. from Eqn [A.7]: 


_ a) . ‘i 
learn _ \(xisin Opa _ V1SIND yaveCOSOwave)/SINOwave| 
= Ix SIND wave oon ViCOSO wave 


From Eqns [A.4] and [A.5], x; =—a tan®yave/(sin’@ + tan’Oyave)’” and y; = b sing/(sin’@ + tan?Owave)'”, SO: 
Detretch = |(A taNOwaveSiNOwave + D SINP COSOwave)|/(sin?@ + tan?Owave) 
= B |(tanOwaveSiNOwave/SIn + SiN COSOwave)|/(Sin’@ + tan’ O wave)” 
= b |(tanOyave/Sin@ + SiINP)COSO\yavel/(Sin’@ + tan’ Oyave)” 
where a= b/sing was used. Finally, creating a common denominator (sing), 
Detretcn = D(taN? Owave + SiN°—) COSOyave/[Sing (sin*@ + tan?Ovave) 7] 
= b(tanOvave + Sin’@)!? COSOwave/SiN 
= B(sin’Oyave/Sin’@ + COS’Owave) [A.9] 
or, substituting b = a/2, the wave will travel over the stretched (elliptical) angle-of-view: 


Ostretch = O(SINOyave/SiN°@ + COS*O ave)!” [A.10] 


Fig. A.2 shows the graphical relationship of Ostretch/@ Versus Oyave for several altitude angles q. It is noted 
that Eqns [A.9] and [A.10] are positive for all wavefront angles -180° < Oyave < 180°. 
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Fig. A.2 Plot of Ostretch/& Versus Owave for altitude angles m = 15°, 30°, 45° and 60°. 


